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Abstract Vk mnstmct a four-parameter pint-interaction tor a nondativistic particle 
mwing on a tine as the limit of a short-range interaction with a range lending toward 
zero. For particular choices of the parameters, we can obrain a 6-inferaction or the 
so-called 6'-interaction. The Hamiltonian mrresponding to the four-parameter point- 
interadion b shown Lo mrrespond to the four-parameler self-adjoint Hamillonian of the 
free particle moving on the line with the origin excluded. 

1. Introduction 

Point-interactions in non-relativistic quantum mechanics have been studied extensively 
in recent years 111. The interest in th is  subject is twofold. First there is the hope that a 
point-interaction can be a good approximation of a very localized interaction. Second, 
it is possible to obtain exact solutions for quantum systems with point-interactions. 
Physically, a very localized interaction can be due to the interaction of a particle with 
an impurity or a local defect in a solid for example. It could also be due to the region 
of contact (pointantact) between two conducting materials, etc. 

In two or three dimensions a point-interaction can be thought of as the interaction 
of a particle with a &potential with a renormalized coupling constant 121. However, 
it is also possible to describe the point-interaction in terms of boundary conditions on 
the wavefunctions at the interaction point which is excluded from the configuration 
space 111. In this case the different strengths of the interaction are characterized by 
different boundary conditions. 

In one dimension, the situation is different. Before our paper, the most general 
point-interaction in one dimension could only be expressed in terms of boundary 
conditions which we review later. The object of our paper is to construct a short- 
range interaction which, in the zero-range limit, gives a physical realization of the 
point-interaction in one dimension. 

The general point-interaction in one dimension is obtained by considering the 
self-adjoint extensions of the Hamiltonian of a free particle moving on a line with 
the origin excluded (see figure 1). It is found that there is a four-parameter 
family of self-adjoint Hamiltonians that can be characterized by a four-parameter 
family of boundary condition imposed on the wavefunctions [3,4]. Let I& recall this 
boundary condition, following the notation of 141. For the wavefunction $(I), defined 
everywhere except at I = 0, we require 
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where 

and M is an arbitrary 2 x 2 Hermitian matrix which can be parametrized in terms of 
four real parameters 

with p 2 0 and 0 < 0 < 2 ~ .  If the domain of the Hamiltonian consists of 
wavefunctions obeying (1.1) for a fixed M, then the Hamiltonian will be self-adjoint 
and will be denoted H,. This boundary condition ensures the conservation of 
probability at the origin or, equivalently, that the current of probability is continuous 
through the origin. 

' X  0' 0' x -- 
Figure 1. The upper diagram shows the Line with a hole. The lower diagram shows the 
box distorted to indicate the similarity telween the boundaly conditions at the walls of 
the box and the two sides of the hole. 

Note that, for the quantum system consisting of a free particle restricted to move 
inside an interval of length L, we have a similar story. We can imagine bringing the 
extremities of the interval close to each other, making it look like a circle with a hole, 
see figure 1. The result of our paper applies to this system as well. 

An interpretation of the parameters p, a, p, 0 in the context of functional integrals 
was given in [4]. It was found that the measure on paths in the functional integral 
is controlled by these parameters. Let us recall, also from [4], that the current of 
probability at the origin is proportional to p. For p = 0, the boundary condition 
reduces to -+i = a+L and @; = ,8+R which describes the physics of two separate 
half-lines. For p infinite, 0 = 0, and, a and p fmite, the wavefunction is continuous, 
and $k-+[ = (a+P)qjL which is the &interaction. For p finite and 0 = a = p = 0, 
the derivative of the wavefunction is continuous and qhR - +L = ( l /p )qt  which is 
the so-called 6'-interaction (see, eg., [l]). 

In thii paper, we construct a Hamiltonian defined on the whole line which 
described a four-parameter family point-interaction. The interacting terms in the 
Hamiltonian provides a physical understanding of the four parameters. 

The organization of the paper is as follows: in section 2, we construct a four- 
parameter point-interaction. We show that the effect of adding this point-interaction 
to the free Hamiltonian on the whole line leads to a system that is identical to the 
free particle on the line with a hole with the boundary condition (1.1). In section 3, 
we study the scaling properties of the point-interaction. 
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2. Point-interaction 

In this section, we construct a four-parameter point-interaction for a non-relativistic 
particle moving on the whole line. We define the point-interaction as the limit of 
a local interaction of range of order E with E going to zero. We construct the 
local interaction in such a way that, in the limit where E goes to zero, it forces the 
wavefunction to satisfy the boundaly condition (1.1). In particular, we will see that 
the so-called 6'-interaction is obtained as the zero-range limit of an operator that 
is non-self-adjoint for finite range (see [SI for an alternative representation of the 
6'4nteraction). 

We would like to mention that progress in this direction by P k b a  [3] led to 
a two-parameter point-interaction expressed formally as a sum of terms invoking 
6(x) and 6 ' ( ~ ) .  However, the phpical interpretation of this formal expression seems 
unclear to us. 

Let us consider the following Hamiltonian for the local interaction depending 
upon the parameters p, 8, a,P 

where 

elsewhere 
is a local interaction. Also, K L ( q )  is the solution of the transcendental equation 

K'(,,)e-ZK'(1)€ = (23) 

for which F ( q )  goes to infinity as E goes to zero. The solution can be written as an 
expansion for small E, that is 

(24) 
1 

2 E  K 6 ( q )  = -{-In(277~) + In[-In(2qc) + In[...]]}. 

This Hamiltonian describes the motion of a particle which moves under the 
influence of the interaction I' only whenever it is inside the interval [ - e ,  e ] ,  otherwise 
it moves freely. 

We observe that the Hamiltonian H E  is not self-adjoint (not even Hermitian) 
since the coefficient of d/dx is not purely imaginaly. However, we will show that, in 
the limit where E goes to zero, H e  becomes self-adjoint. Specifically, we will show 
that, given a particular value of the parameters p, a, p and 8,  H e  converges toward 
the self-adjoint Hamiltonian H ,  described in the previous section for the particle 
on the line with the origin excluded. 

R, show that, we simply demonstrate that in the limit where E goes to zero, the 
energy eigenvalues of Hf and the corresponding energy eigenstates are identical to 
those of H,. Let us solve the eigenvalue equation for the Hamiltonian H' 

= E&. (2.5) 
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This is easy; we just solve this equation for each inteml for which it is a constant- 
coefficient differential equation, and match the solutions at the junctions of the 
different intervals sa that the wavefunction and its derivative are continuous for 
all z. Once this is done, we simply let E tends toward zero. In the limit of small C, 

we tind 

I $Le-D*" + (e-"/2p)[$L + D,+Jexp([2K'(~e'~) + D&) 

+,cos[k(+ + .)I + (+L/k)sin[k(z + .)I 
X < - C  

where 

iE  D ,  = a + p - p e  

D, = p + p - pe-'@ 

(2.7a) 

(2.7b) 

We can now easily check that +E(z) is continuously differentiable and that it 
satisfies equation (2.5) to leading orders, in the limit of small C. Since (2.8) is 
actually identical to the boundary condition (l.l), we immediately see that the energy 
eigenstate, +E(z), in the limit where c goes to zero, satisfies the boundary condition 
(1.1), for all E = k*/Z. Moreover, the energy, E, must be real in order to have 
finite energy eigenstates at x equal plus or minus infinity. Therefore, the energy 
eigenstates, +E, with energy E = k 2 / 2 ,  of HL, in the limit of zero E, are identical to 
those of the Hamiltonian H,, as we wanted to show. (A more delicate technique, 
which is more abstract, to show the convergence of a sequence of operators which 
become singular in the limit can be found in the paper of Albeverio and k b a  [Z, 31, 
and I urge the interested readers to read these papers.) 

Let us make a few commentr about the short-range interaction If. The parameter 
0 is responsible for the phase discontinuity of the wavefunction as can be seen from 
(2.8). The parameter p controls the size of the discontinuity of the wavefunction. This 
can be seen explicitly by setting 0 = p = a = 0 in (27). The boundary condition 
becomes &-GL = (l /p)+i and +k = +i which is the so-called 6'-interaction. We 
observe that, in (26), the derivative of the wavefunction at the origin, +b(z)[=,u, 
is proportional to Ke(peiE) and becomes infinite in the limit where c goes to zero 
which forces the discontinuity of the wavefunction. 
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3. Scaling 

In this section, we study the scaling properties of the pint-interaction described in 
the previous section. 

Consider the following transformation 

+ ( % P , P )  +(1/X)(%P,P) e .+ e. (3.1) 
We can readily see that, for the quantum system consisting of a free particle 
moving on a l i e  with the origin excluded, discussed in the fust section, the four- 
parameter boundary condition, (l.l), is invariant under these transformations. Since, 
in the previous section, we have shown that the point-interaction has the effect of 
dynamically forcing the boundary condition (1.1) on the wavefunction, we expect that 
the Schrodinger equation, at the location of the point-interaction, will be invariant 
under the this transformation. 

'Ib see that, we recall that in the previous section, we have defined the point- 
interaction as the limit of the local interaction (2.2) for which E goes to zero. We can 
readily see that, under the above transformation, with 

€ 3 A €  

1 *+-p 
also the Schrodinger equation 

I d  
i d l  

W * ( l , t )  = --+(z,t) (3.3) 

is invariant in the limit where E goes to zero. Which is what we expected. 

4. Conclusions 

We have constructed a quantum system for a particle moving on the whole line, 
subject to a local interaction, and have shown that in the limit where the range of 
the interaction tends to zero (point-interaction) our quantum system tends toward 
the quantum system of a free moving particle on the line with the origin excluded. 
The main point in the demonstration of this result was the observation that the 
point-interaction dynamically forces the wavefunction to satisfy a boundary condition 
which ensures conservation of probability at the origin. We also observed that, at 
the location of the point-interaction, the physics is invariant under a certain scale 
transformation. 
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